Abstract. Using known formulas for R (a,b) (n), the number of representations of n as a times a square plus b times a square, we prove 21 conjectured formulas of Melham on the number of representations of n as sums of triangular, pentagonal and heptagonal numbers. We also demonstrate how our technique can be used to prove the other 277 conjectured formulas of Melham concerning representations by other figurate numbers.
Introduction and Statement of Results
Jacobi's two square theorem [12] states that the number of representations of a positive integer n as a sum of two squares, counting order and sign, is four times the difference of the number of divisors of n congruent to 1 modulo 4 and the number of divisors of n congruent to 3 modulo 4. In terms of Lambert series and the Legendre-Jacobi symbol [11] , this result can be represented as The representations of a number n by a quadratic form is a subject that has intrigued number theorists throughout history. A discussion of (1.1) and its various extensions, including extensive notes on recent progress in the subject, can be found in Berndt's book [5, Chpt. 3] . Some recent work on representations by binary quadratic forms include [3, 4, 6, 8, 9, 13, 16, 18, 19, 20, 21] .
In [15] , Melham published 21 conjectured analogues of (1.1) where the squares are replaced by triangular, pentagonal or heptagonal numbers. These 21 formulas were extracted from an unpublished manuscript [14] which contained a total of 298 conjectured formulas. An example of his conjectures involving triangular numbers [15, eq.(9) ] is the following. )+(
Conjecture 1.3, when written out in full, contains another 46 terms of the form
and takes up two whole pages in Melham's manuscript. It is our aim in this article to present a uniform approach in proving the conjectures in [14] . The explicit Lambert series representations used in the above three examples can be cumbersome and so we require more succinct representations. For positive integers a, b and nonnegative n, define
In other words,
and so (1.1) can be restated as
Similarly, Conjectures 1.1 to 1.3 are equivalent to the following theorem.
Theorem 1.4.
We will prove (1.5) and the other 20 conjectures from [15] in Section 2. Section 3 will be devoted to our general approach to the remaining 277 conjectured formulas in [14] . The proofs of (1.6) and (1.7) will be presented as prototypical examples to illustrate our method.
We end this introduction by illustrating the equivalence of (1.5) and Conjecture 1.1. Now 
Replacing q 8n+11 by q n gives us Conjecture 1.1. We remark that a slightly different formula for T (1, 10) (n) containing 16 instead of the above 8 terms has been given by Sun [19] .
The First 21 Conjectures
Melham's 11 conjectures for T (a,b) (n) [15, eq.(6) to (16)] can be summarized as follows.
Theorem 2.1. Let p = 5, 13 or 37, then (11, 1) or (29, 2), then
The first expression in each case, i.e. (2.1a), (2.2a) and (2.3a), can be found in [18, 19] . The second expression allows us to recover the explicit representations given by Melham. Note that the p = 5 case of (2.2b) is precisely the first statement in Theorem 1.4. We also remark that Hirschhorn [10] has independently proved the conjectures for T (1, 5) (n) and T (1,6) (n).
For positive integers a, b and nonnegative n, we further define
Melham's 9 conjectures for P (a,b) (n) [15, eq.(17) to (25)] are restated below.
Theorem 2.3.
Theorem 2.4. Let p = 13 or 37, then
Finally, if we let
we can restate [15, eq.(26) ] as the next theorem. Theorem 2.6.
With the exception of P (1,5) (n) which has been proved independently by Hirschhorn [10] and Sun [17] , we are not aware of any other existing proofs of Theorems 2.4 to 2.6.
In [21] , we used the theory of genus characters to derive Lambert series representations for theta series associated to binary quadratic forms. For imaginary quadratic fields with class number 2 [21, p. 232], one may deduce R (a,b) (n) for 11 pairs of (a, b). We record the exact statement as the following theorem.
Theorem 2.7. If p = 5, 13 or 37, then
If p = 3, 5, 11 or 29, then
It is no coincidence that these 11 formulas for R (a,b) (n) correspond to those conjectured by Melham for T (a,b) (n). We shall demonstrate how to prove Theorems 2.1 to 2.6 with Theorem 2.7. We remark that formulas equivalent to Theorem 2.7 can also be found in the works of Hall [7] , as well as Sun and Williams [16] .
We first state two lemmas involving character sums.
Lemma 2.8. The following identities hold for all nonnegative integers n.
Proof. In each case, let χ represent the character being summed. The set of divisors d can be partitioned into two equinumerous sets, according to the value of χ(d).
Lemma 2.9. Let α be a positive integer and p a prime such that gcd(p, m) = 1 and gcd(p, n) = 1. We have
Proof.
Now by considering odd and even values of x and y, we can write
Thus for certain values of a and b, we are able to sieve out exactly those terms that appear in the fourth sum. 
Proof. In case i) only the first and fourth sum of (2.17) have even exponents. However, the exponents of the first sum are divisible by 4. For case ii) only the third and fourth sum have odd exponents. But in this case, the exponents in the third sum are congruent to a (mod 8).
We remark that a general discussion on the relation between sums of squares and sums of triangular numbers can be found in [2] and [1] . We are now ready to prove Theorems 2.1 and 2.2.
Proof of Theorem 2.1. Let p = 5, 13 or 37 and note that 
Note that 8n + p + 1 is even and 4n + p+1 2 is odd. If d is odd, (8n + p + 1)/d would be even. Hence we can simplify the sum to
Dividing throughout by 4 proves (2.1a). For the second expression, we set 4n + p+1 2 = p α m where gcd(p, m) = 1. Since p ≡ 1 (mod 4), we have m ≡ 3 (mod 4) and
by Lemmas 2.8 and 2.9. Hence we can include the above into our expression for T (1,p) (n) to obtain (2.1b).
Proof of Theorem 2.2. Let p = 3 or 11. Lemma 2.10 and Theorem 2.7 give us
In the third equality we used quadratic reciprocity plus the fact that d is always odd. And in the penultimate equality, we used the fact that 8n + 2p + 1 ≡ 7 (mod 8 
and (2.3b) follows from
The cases for p = 5 and 29 follow in the same manner.
For Theorems 2.3 to 2.5, we first observe by considering residues modulo 6 that
(2.18)
For certain values of (a, b), extracting the terms with exponents congruent to a + b (mod 24) yields only those involving pentagonal numbers, giving us following relation To prove Theorem 2.3, we first establish the following lemma.
Lemma 2.11.
Proof. Rewrite the left hand side of the identity as
If 3d | 4n + 1 we have n + 1 ≡ 0 (mod 3) so we may write n as 3m + 2. The sum becomes )+5(
where we only listed those terms with exponents congruent to 6 (mod 24). This yields the relation
Using Theorems 2.7 and 2.1, this becomes
Comparing this with Lemma 2.11 results in the expression for P (1,5) (n).
Proof of Theorem 2.6. By considering x and y modulo 10, we have
where we only listed those terms with exponents congruent to 23 (mod 40).
Hence we have the relation
The proof then follows along the lines of Theorem 2.2, with the additional step of introducing the character 25 d for (2.10b).
Since representations by Lambert series are non-unique, extra calculations may be necessary for some of the conjectures listed in [15] . We illustrate with the following example.
We note that the character 
To obtain the representation given by Melham [15, eq. (12)], we further define 
The above representation would be identical to that given by Melham provided we write q (88k+77)(8m+3) as q (8k+7)(88m+33) which brings one term from the second sum to the fourth sum. Rewriting in terms of Lambert series and replacing q 8n+23 by q n yields the explicit representation of [15, eq. (12)].
The Remaining 277 Conjectures
We have seen in the previous section that Melham's first 21 conjectures depended on 11 formulas for R (a,b) (n) associated with imaginary quadratic fields or positive definite binary quadratic forms of class number 2. There are other formulas for R (a,b) (n) associated with higher class numbers, and these are the key to the remaining 277 conjectures.
While Melham chose to classify his discoveries in terms of the type of figurate number being represented, it is perhaps more instructive to classify them according to their period. By period, we mean the exponent of q n that appears in the denominator of terms in the Lambert series. For example, Conjectures 1.1 to 1.3 are respectively of periods 40, 84 and 1848. Although this definition of period is somewhat imprecise, it provides us with a clue as to which binary quadratic form may be used to prove the conjectures. The three conjectures above are associated with x 2 + 10y 2 , 3x 2 + 7y 2 and 7x 2 + 66y 2 , with respective discriminants -40, -84 and -1848. A check on the remaining 277 conjectured formulas in [14] showed that most of the identities have periods coinciding with one of the 101 known discriminants with one class per genus (see [21] ). The rest of them (32 in total) have periods that are multiples of 2, 3 or 5 times of one of these 101 known discriminants. For example, Theorem 2.6 ( [15, eq.(26)] ) has period 120 and is associated with x 2 + 6y 2 which has discriminant −24. In this case, the extra factor of 5 arises from the shape of heptagonal numbers, i.e.
The four pairs of conjectures [14, eq.(25) to (32)] for T S (a,b) (n) have periods 24, 40, 88 and 232. It is easy to deduce that these are related to (2.12) and (2.13). Specifically, the relations we want are
2)
for p = 3, 5, 11, 29, which can be deduced from (2.17). With these relations in hand, it is a matter of calculations similar to that of the previous sections to prove these eight conjectures of Melham. We remark that many formulas for T S (a,b) (n) have been discussed in [20] . We further illustrate our general technique by proving Conjectures 1.2 and 1.3.
Proof of Conjecture 1.2. This identity has period 84. From the tables in [21] , the discriminant -84 is of class number 4 and associated with these four reduced forms x 2 + 21y 2 , 2x 2 + 2xy + 11y 2 , 3x 2 + 7y 2 and 5x 2 + 4xy + 5y 2 . It is reasonable to guess that P N (1,1) (n) is related to R (3,7) (n) due to the shape of pentagonal and nonagonal numbers. By considering residues modulo 6 and 14 respectively for x and y, we have
and we can deduce that
Now from [21, p. 234], we have
If we set m = 168n + 82, we can check that − q 2(84k+61)(84+53) − q 2(84k+73)(84m+65) − q 2(84k+83)(84m+43) .
The above identity when rewritten as Lambert series will be identical to Conjecture 1.2 after replacing q 168n+82 by q n .
Among the 298 conjectures, the largest period is 1848 and it appears in six of the conjectures [14, eq.(226) to (229) and (284) to (285)]. The first four concern P N (a,b) (n) and we shall examine them in more detail. Now the discriminant -1848 is of class number 8, and there are 8 possible choices of reduced forms [21, p. 234] . Using (3.4) we can work out R (7,66) (168n + 1657) = 4P N (1,22) (n), (3.6) R (3,154) (168n + 229) = 4P N (22,1) (n), (3.7)
R (14,33) (168n + 839) = 4P N (2,11) (n), (3.8)
R (6,77) (168n + 227) = 4P N (11,2) (n). (3.9)
We shall concentrate on (3.6) which is the key to proving Conjecture 1.3.
their relation may be deduced from the period and the shape of the figurate numbers being represented.
